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1. Introduction

Supersymmetric Wilson loops play an important role in AdSs/CFTy correspondence [
H. On the field theory side, the calculation of the expectation values of half-BPS circular
Wilson loops could be reduced to the corresponding calculation in a zero-dimensional ma-
trix model [f]. The reduction to the matrix model relies on the fact that the perturbative
contributions to the expectation value are believed to be only from the rainbow graphs in
Feynman gauge [f] and this is confirmed by using the conformal transformation which links
the straight Wilson line and the circular Wilson loop [f]. It is remarkable that the compu-
tations using the matrix model give us the results to all orders of g%MN and to all orders
of 1/N. The dependence on 1/N indicates that in order to have a good dual description of
these BPS Wilson loops, one has to go beyond the free string limit and consider the string
interaction on the AdSs side.

The original AdS5/CFTy dictionary tells us that the dual description of the Wilson
loops in AdS5 should be the fundamental strings whose worldsheet boundaries are just
the paths used to define the Wilson loops in N = 4 Super-Yang-Mills theory [fl, §. The
on-shell classical actions of the strings give the expectation values of the Wilson loops,



after correctly including the boundary terms [[J]. However, the field theory result indi-
cates that this should not be the full story and one should go beyond the free string limit.
Later on, people found that a better description for the half-BPS Wilson loop in high rank
representation of gauge group is using D3-brane and/or D5-brane configurations [[LJ—[LJ].
The D3-brane configuration gives a good description for the Wilson loops in the symmetric
representation, while the D5-brane gives a good description for the ones in the antisym-
metric representation. The original string picture is a good description only for the Wilson
loops in the fundamental representation or low dimensional representations. The D-brane
description of the Wilson loops in high dimensional representations can be understood as
dielectric effect [[4, [[(5]: due to the interaction among many coincide fundamental strings
in the self-dual RR background, the strings blow up to higher dimensional D-branes. The
expectation values of the Wilson loops can be computed from the action of the classical
D-brane solutions in the large N limit, appropriately taken into account of the boundary
terms. The computations using D-branes successfully reproduce the all-genus results from
matrix model calculation [[(, (1. Furthermore D3-brane description of some 1/4-BPS
Wilson loops was given in [[d] and the D-brane description of 1/2-BPS Wilson-"t Hooft
operators was given in [[7]. Some further studies of higher rank Wilson loops using matrix
model can be found in [L§, [9].

Another interesting issue on Wilson loops is to calculate their OPE. When we probe
the Wilson loop from a distance much larger than the size of the loop, this Wilson loop
operator can be expanded as a linear combination of local operators. When the local op-
erator is a chiral primary operator, the OPE coefficient can be computed either from the
correlation function of two Wilson loops or from the correlation of the Wilson loop with
this operator [P(]. According to AdS/CFT correspondence, in the large N and large g%MN
limit this OPE coefficient can be computed from the coupling to the string worldsheet
corresponding to the Wilson loop of the supergravity mode corresponding to the chiral pri-
mary operator [2(]. When the Wilson loop operator is in high dimensional representation,
the OPE coefficients can be computed from the coupling to the corresponding D-branes of
the supergravity modes [R1].

Motivated by the success in the Wilson loop case, we would like to consider its cousin
in six-dimensional field theory in the framework of AdS;/CFTg correspondence. Here
CFTg is a six-dimensional superconformal field theory with (2,0)-supersymmetries. Its
field content is of a tensor multiplet, including a 2-form B, four fermions and five scalars;
the field strength of this 2-form is (anti)-self-dual. The strong version of the AdS;/CFTg
correspondence claims that this field theory is dual to the M-theory on the background
AdS7 x S*. This correspondence was obtained by considering N coinciding M5-branes in
M-theory. The low energy limit of the worldvolume theory is the above six-dimensional
AN_1,(2,0) superconformal field theory [29, RJ. The near horizon limit of the supergravity
solution corresponding to these Mb5-branes will give AdS; x S* background with 4-form
flux. Similar to the AdS5/CFTy case, this near horizon limit led Maldacena to propose
the above correspondence [fll.! Unfortunately, unlike the well-studied AdSs/CFTy case,

n [Q], this correspondence was used to study the nonsupersymmtric QCD in four dimensions.



the AdS;/CFTg correspondence is poorly investigated, although its study could be essen-
tial for us to understand M-theory. The main obstacle is our ignorance of the mysterious
superconformal field theory. Due to the existence of self-dual chiral 2-form, there is no
lagrangian formulation of the theory, even though the chiral theory is still a local inter-
acting field theory [RJ]. The theory has been suggested to be described by DLCQ matrix
theory (R, P7]. In any sense, it has not been well understood. The AdS/CFT correspon-
dence supplies a new tool to probe this nontrivial six-dimensional field theory. The weak
version of the correspondence says that the large N limit of the (2,0) field theory is dual
to 11D supergravity on AdS; x S* [[l]. The chiral primary operators and the corresponding
supergravity modes in this case were studied in [R§]. Some correlation functions of local
operators were computed in [29]. These local operators were also studied using M5-brane
action [B]].

In this six-dimensional superconformal field theory, the natural cousin of Wilson loop
operator is Wilson surface operator, a non-local operator of dimension two. This operator
could be formally defined as [B1]

Wo(X) :expi/EBJr. (1.1)

Here ¥ is a two-dimensional surface. From AdS/CFT correspondence, the Wilson surface
operator should correspond to a membrane ending on the boundary of AdS space [§, B(].
Inspired by the D-brane description of Wilson loops in higher dimensional representations,
M5-brane description of the half-BPS Wilson surface operators in higher dimensional rep-
resentations were studied in details in [BJ].2 The corresponding M5-brane solutions of the
covariant equations of motion have been found. Both the straight Wilson surfaces and
the spherical Wilson surfaces were studied in this framework. For each case, two kinds of
solution were discovered. Both of them have worldvolume of topology AdS3 x S3. The
AdS3 part is always in AdS7, while the S3 part can be either in AdS7 or in §*. Analogizing
the D-brane description of the Wilson loops, we expect the first case describe the Wilson
surface in the symmetric representation, while the second solution describe the Wilson
surface in the anti-symmetric representation. The expectation value of the Wilson surface
should be given by the action of the membrane or the M5-brane. Both actions are diver-
gent [RQ, BJ]. For the straight Wilson surface, there is only quadratic divergence, but for
the spherical Wilson surface, there are both quadratic and logarithmic divergences. The
logarithmic divergence comes from conformal anomaly of the surface operator [BF]. The
existence of logarithmic divergence indicates that the expectation value of Wilson surface
may not be well-defined. Despite of this fact, the OPE coefficients of the Wilson surface
operators are still well-defined. In [R]], the OPE coefficients of the chiral primary operators
are computed using the membrane solution found in [R(]. The strategy is similar to the
Wilson loop case: one may treat the membrane as the source for the supergravity fields in
the bulk. The OPE coefficients could be read off from the coupling to the membrane of
the bulk supergravity modes corresponding to the chiral primary operators.

2Similar brane configurations for straight Wilson surface are discussed in [@] in Pasti-Sorokin-Tonin
(PST) formalism as well. The self-dual string soliton in AdSs x S” spacetime is discussed in [E,



The main subject of this paper is to compute the OPE coefficients for the Wilson sur-
face operator in higher dimensional representation using the M5-brane solutions mentioned
above. We compute these OPE coefficients from the correlation functions of the Wilson
surface with the chiral primary operators. Instead of taking the membrane as source, we
take the MbH-brane as the source and study its response to the bulk gravity modes. Unlike
the cases of D-brane and M2-brane, the dynamics of M5-brane is much more subtler. Var-
ious actions of Mb5-branes are given in [BG—[]. In this paper we will use the non-chiral
action in [ to compute the OPE coefficients. The virtue of this action is that we need
not to introduce any auxiliary fields.

The paper is organized as follows. In section 2, we review the computations of the
OPE coefficients using membrane solution. Section 3 is devoted to a very brief review of
the non-chiral action of M5-brane. The computations using M5-brane solution is present
in the following two sections. Section 4 is for the symmetric case and section 5 is for the
anti-symmetric case. We end with the conclusion and discussions. We put the technical
details about the variation of dual six-form gauge potential Cg in the appendix.

2. Review of the OPE of the Wilson surface in the fundamental presen-
tation

In this paper, we only consider the spherical Wilson surface operators. When we probe
the Wilson surface from a distance quite larger than its radius r, the operator product
expansion of the Wilson surface operators could be:

W(S) = (W(S) [ 1+ criop|, (2.1)

where O are operators with conformal weights A”. Here we use OY to denote the i-th
primary field and O} for n > 0 to denote its conformal descendants. The OPE coefficients
of the chiral primary operator OY can be obtained from the r/L expansion of the correlation
function of the Wilson surface with this chiral primary operator,

W (S)O? A7
<<M(/'(?9)>Z> = A + > gmritoro), (2.2)

m>0

where L is the distance from the Wilson surface to the local operator, and we have assume
that the local operators have been normalized.

These operators should be bosonic and Sy symmetric, since they should have the same
symmetry property of the Wilson surface. Based on the experience from the supersym-
metric Wilson loops in N' = 4 SYM, the half-BPS Wilson surface should also couple to
the five scalars. This coupling is determined by a vector 67(s) in S* [RQ]. We consider
the case when él(s) = 0! is a constant, i.e. a fixed point in S%. Then the R-symmetry
group is broken from SO(5) to SO(4). The local operators which appear in the OPE of the
Wilson surface should also be in the representation of SO(5) whose decomposition includes
singlet in SO(4). In this paper, we will compute the OPE coefficient of the operator Ox in



the rank k£ symmetric, traceless representation of SO(5). This operator satisfy the above
constraints and is a chiral primary operator of dimension A = 2k [R7]. The dimension of
this operator is protected by supersymmetries.

2.1 Review of the corresponding supergravity modes

In the following, we would like to review the supergravity modes corresponding to this
chiral primary operators. To do this, we would like to first review the AdS” x S* solution
of 11d supergravity. This solution is maximally supersymmetric.

The bosonic equations of motion of 11d supergravity are:®

1 1
Rymn = 9 % 31 mpar ﬂmﬂ - mgmHmﬁHmﬁa (2.3)

0 = O (V—gH™™2) + €M TSI L  Ho o (2.4)

2 x (41)?

And the metric and background 4-form flux of AdS; x S* are

1 1
ds® = = (dy® — dt* + da® + dr® + 1°dQ3) + ZdQ‘Q*

Yy
H, = gsi 3 ¢1sin? Gy sin G3dCy A dCo A dls A dCy (2.5)

where d)2 is the metric of unit S® and dQ? is the metric of unit S*. The 4-form field
strength fills in S%, and ¢; (i = 1,2,3,4) are the angular coordinates in S*. We have
rescaled the radius of AdS7 to be 1, then the radius of S* is 1/2. From the AdS;/CFT
duality, we know that

W=

l, = (87TN) s, (2.6)

where [, is the Planck constant in eleven dimension. The 4-form field strength Hy and its
Hodge dual 7-form field strength H7 are related to the corresponding gauge potentials Cg
and Cg by

H4 = dC37
1
H7; = dCs + 503 A Hy. (27)

Now we consider the fluctuation around the above background to get the states of 11d
supergravity in this background [ -[4]. We can decompose the fluctuated metric as

Grmn = 9mn + honn, (2.8)

where gy, is the background metric, hy,, is the fluctuations. The fluctuation of the three
form gauge potential is

5Comnp = (2.9)
3We use the following notation: m,n, ... refer to the coordinate indices of AdS; x S*, p,v, ... refer to
the coordinate indices of the AdS7 part, o, 8, ... refer to ones of the S* part, and the underline indices refer

to target space ones.



We first decompose h,g into the trace part and the traceless part:

1
hag = hap) + 7 h29ap- (2.10)

Then we decompose hy,y as

B ho
hyy = h’(ﬁz) + <7 - ?) G- (2.11)

Here mn indicates that we take the symmetric traceless part.
In the gauge defined by

VEh(ap) = VEhap = VEaamn =0, (2.12)

h/a h2a h(gé)? h

(u) and @y m,m, have the following expansion:

W=> nyl hy = hsY',
I

I
_ INT I _ 74 I
Mag) = Z¢ Y(@@’ (wv) — Zh(gz)y ) (2.13)
I I

and
Uagy = Y 6V 208,50 VIV, (2.14)
I
Here Y! and Y(Ia ) are scalar and rank 2, symmetric traceless tensor harmonics on
four-sphere with radius 1/2, respectively. They satisfy the following equations

vev, Y1 = —4k(k 4+ 3)Y7, (2.15)

and
@ I _ I
V*VQY(B,Y) = —A4[k(k +3) — 2]3/(67), (2.16)

respectively.* The index I is the abbreviation of (I4,...,[1) which satisfy
l4 =k > lg > lQ > ’ll‘ (2.17)

Using the above expansions, we can obtain the linearized equations of motion which
we will not repeat here. The modes ho and b satisfy a set of coupled equations of motion.
The mass eighenvectors and eighenvalues are

k

I I I 2

= + 32v2(k + =4 — > 2 2.1

s 5% 13 [hQ 3 \/_(k: 3)b ] , ms k(k —3), k , (2.18)

= k+3 [hﬁ — 32\/§ka} m2 = 4(k + 3)(k +6) k> 0. (2.19)
2k +3 ’ K ’

s! transforms in the same representation of the R-symmetry group SO(5) as Oa, and it is

the supergravity mode corresponding to Oa [R§].

4We use the same normalization of the harmonic functions as in [@]



Since we are only interested in the OPE coefficients of O, we can set the other modes

to be zero. From t! = 0, we get

hl = 322k, (2.20)
SO
s = B2V = Iy (2.21)
Using the results in [@], we can express the fluctuation of the background in terms of
st as:
I 1 I
fog = J9aps" (2.22)
My = Ty Vo — e’ (2.23)
ne 16]{3(2]{3 + 1) (»Vy) 14 [ ] .
and ,
0Capy = Z w—k%@éslvéyl- (2.24)

I
2.2 Review of the computations of the OPE coefficients

In this subsection we will review the membrane solution corresponding to the Wilson surface
in the fundamental representation in [P(] and the computations of the OPE coefficients
using this solution [R9].

The membrane solution can be described more conveniently in the Euclidean version
of AdS7 space and using the Poincaré coordinates. In this coordinate system, the metric
of the AdS7 space is

6
1
ds? = — <dy2 + de?) . (2.25)
y i=1
Consider a spherical Wilson surface with radius r described by
x} 4 23 + 23 =r? (2.26)

in the boundary of AdS7. The membrane solution corresponding to this Wilson surface
can be parametrized as following;:

x1 = /12 —y?cosh,
T9 = /1?2 —y2sinfcos 1,
3 = /12 — y?sinfsin 1, (2.27)

where 0 <y <r,0<0<m0<y <2m.
To compute the OPE coefficient from this membrane solutions, we need to use the
action of the M2-brane. The bosonic part of this action is [[H]

SM2 = T2 /(dVOl — Qg), (228)
where T is the tension of M2-brane:

Ty=———" =", (2.29)
p



and Cj is the pullback of the bulk 3-form gauge potential to the worldvolume of the
membrane.® Since the worldvolume of the membrane is completely embedded in the AdS;
part of the background, so the pullback of dC5 to the membrane worldvolume is zero. Then
the only contribution is from the Nambu-Goto part of the action:

1
5SM2 = §T2/dVolgm”hmn. (2.30)

After we compute the fluctuation of the action due to the supergravity modes, we write
st as s1(Z,y) = [d°T'Ga(Z'; %, y)sb (7). Here

A
<. = o Yy
GA(T; 2, y) _C<—y2+ |f_j,|2> : (2.31)
is the bulk-to-boundary propagator and c is the following constant:

82tk (2k — 3)(2k — 1)(2k + D)I'(k + 3/2)

c= 9771/2N3F(l<:) (2.32)
Then the correlation function we needed to compute is:
(W(S,L)0a(0)) 1 S (233
(W(S,L)) SN ask(z)
Here
I skj23(2k —3)(2k+1) [(2k — DI'(k +1/2)
NT = 23/ VYT O (2.34)

is used to set the normalization of the operator and this constant is fixed by requiring the
coefficient of the 2-point function to be unit.

Since we only need to compute this function to the first order of r/L, we can use the
following approximation for the bulk-to-boundary propagator [(]:

A

V. Y
Ga(T;7,y) ~ CToa" (2.35)

From eq. (R.31]), we find that to the first order of r /L, we have the following approximations:

A A(A -1
s’ ~ v =5l 9,0,8" ~ 5yay¥sﬂ (2.36)
i 1% (add nov 2
-y = Yy
By using this and
2
Ll = Y9u — 55&55 (2.37)
in Poincaré coordinate, we get
1
By ~ — g0 + 85563 55! (2.38)

5In this paper, we use the underline indices to denote the target space indices. We also use the underline
to denote the pullback of bulk gauge potential or field strength to the worldvolume of M2-brane or M5-brane.
We hope that this will not produce confusion.



From this, we have

0w = == [ dVol 5 > s'Y(6). (2.39)
I

By using eq. (2:3), (:39), (2:34), £:29), we get

V"A ~
a0 e

So the OPE coefficients are®

. a = ~20A/ 1/ \/Nrr@/z) 1)

(A-1)/2)
3. The non-chiral action of M5-brane

Compared to D-branes, the action of M5-brane is more involved. Various actions of M5-
branes were given in [B4]-[ft]]. Different choice of action gives equivalent equations of
motion [B7, [lI]]. In this paper we will use the non-chiral action in [i1] to compute the OPE
coefficients. There is a 3-form field strength H3 on the worldvolume of the M5-brane. This
field strength is related to a 2-form potential Ay by

so Hj satisfies the following Bianchi identity:
dHs = —H, (3.2)

Here C'; and H, are the pull-back of target space 3-form potential and 4-form field strength,
respectively.
The non-chiral action is given by

1
S:SM5—SWZ:T5/(§ *,C—Z6), (3.3)
where
Lo L oy2_ L bed
K =241+ EH + @(H )2 — % abe HOC HdefHGfa, (3.4)
1

Zg = Cg — §Q3 N Hs, (3.5)

and T5 is the tension of the M5-brane:

1 2N?

Ty = ——— = ——. 3.6
b (2m)%15 w3 (3.6)

Here Cjy is the pull-back of target space 6-form potential. The equations of motion are
obtained from the variation of the action with respect to the embedding 2™ and the gauge

SNotice that Y7 is not included in the OPE coefficients.



potential As. The equation of motion for 2-form potential is equivalent to the Bianchi
identity. In addition, one have to impose the following non-linear self-duality condition [[]

8—H—3’
by hand.

In the following two sections we will study the OPE of the Wilson surface operators
using this non-chiral action. For doing this, we need to compute the variations of the action
with respect to the above fluctuations of the background fields reviewed in subsection 2.1.
Since we only need to compute the fluctuation to the linear order and the equations of
motion are obtained from the variation of the action with respect to 2z and As, we can
set the variations of 2™ and As to be zero. Then from eq. (B.1]) we get §Hz = —6C.

4. OPE of the Wilson surface in the symmetric representation

In this section we will study the OPE of the Wilson surface operator in the symmetric
representation by using the M5-brane solutions in [BJ]. We would like to compute the OPE
coefficients of Oa by compute the correlation functions of the Wilson surface operator with
Oa. According to the AdS/CFT correspondence, we need to study the coupling to this
M5-brane of the corresponding supergravity modes s’.

4.1 Review of the Mb5-brane solution

First we would like to review the Mb5-brane solution corresponding to the spherical Wilson
surface operator in the symmetric representation. As in [[L(], it is more convenient to make
a Wick rotation in the AdS7 space and choose the coordinates such that the metric take
the following form:

1

2 __
ds—y2

(dy? + dr? 4+ r3(da? + sin® adB?) + dr2 4 r2(dy? + sin? yds?)), (4.1)
The Wilson surface will be placed at r1 = r and o = 0. Let us change the coordinates
(ri,72,y) to (p,n,0) by the following transformation:
7 CoSn rsinh psin § rsinn

= = - 4.2
" cosh p — sinh pcos 6’ "2 cosh p — sinh p cos 0 Y cosh p — sinh pcos 6’ (42)

then we can rewrite the AdS; metric as

1
ds?® = E (d772 + cos? n(da? + sin® adB?) + dp*

+ sinh? p(d6? + sin? fdr? + sin?  sin? 7d52)). (4.3)
Here, the coordinates take the range p € [0,00),0,«,v € [0,7), 3,0 € [0,27),n € [0,7/2).

The worldvolume of the M5-brane has topology AdSs x S3 and is completely embedded
into the AdS7 part of the background geometry. We take (n, «, 3,6, , d) as the worldvolume

,10,



coordinates of Mb-brane and assume that p be only the function of n. For the solution
found in [BY], n and p satisfy the following relation:

sinh p = ksinn (4.4)

so the induced metric of M5-brane worldvolume is
1 1+ K2

sin?n \ 14 k2sin? 7
+52 (d@2 + sin? 0d~? + sin? 0 sin? fyd52) . (4.5)

ds® =

dn? + cos® n(da? + sin® ad62)>

The field strength Hs on the worldvolume is

Hs = 2a d L4+ cos® nsinadn A da A d3
s (14 a?)sin®n \/ 1 + K2Zsin%p K "

1
1—a?

+ 3 sin? @ sinydf A dy A d5> . (4.6)

The equations of motion require that £ and a should satisfy

K _ 1 —a?
V1+ K2 1+ a?

4.2 The computations of the OPE coefficients

(4.7)

To compute the coupling to the M5-brane of these supergravity modes, we should compute
the variations of the action with respect to the above fluctuation of the background.

First we notice that after Wick rotation, the non-chiral action for the Mb5-branes take
the form:

1

We decompose the fluctuation of the background metric into two parts:

hyuy = h(jg) + h(i)a (4.9)

where
h(glg) = iggé& h(jﬁ = —égﬁgs- (4.10)
he) =0, h2 = 25@3%5. (4.11)

Here s = 5, 'Y
First we compute the variation of the action with respect to the first part of the
fluctuation of the metric. Let us define

50— po O

M‘ng’

i=1,2. (4.12)

— 11 —



From equation (§.10), we get the first part of the fluctuation of the induced metric as

1
hi) = =g 9uws, (4.13)
Furthermore, we have
1
s gt = gg‘“’s. (4.14)

Since the M5-brane is completely embedded in the AdS7, we have

1
3 JAetgy, = 5/detgyug™ )

3
— _gs\/m. (4.15)

From
H? = 6(HyapH"™" + Hy\sH*®) = 6(g" g9  Hy, 5 + 9" 97 g" Hp 5), (4.16)
we get
1 3
sWH? =6-3- gs(HnaﬁHmﬁ + Hy s H) = gsH?. (4.17)
Similarly, by using
Hypnp HP U H gy s H™™ = 12((Hyyog H™P)? 4 (Hgs H%)?) (4.18)
we get
3
6 (Hypnp H™PIH s H™™) = 5 Hnp H" Hop H™" (4.19)
Since
1 1 1
K= 2\/1 + EHQ + @(HQ)Q — %Hman"qumHmm, (4.20)
we have
sWK = 0. (4.21)

We note that this result is valid for any of the Mb5-brane solutions completely embedded
in the AdS7 space. From the above results we get

5 <\/dethIC) = —gs\/detgwlc. (4.22)

Th
en o

Sats = gs, /dctgm KdndadBd9dyds. (4.23)

Now we turn to compute the variation of the action with respect to the second part of

5

the fluctuation of the background metric.
In Pioncare coordinate, we have

h2) = Ssusy L (4.24)
Yy

= gl 27

- 12 —



In the new coordinate system, we have,

30y Oy 1
p? 2 % Y (4.25)
B2 8 9XE9XEy?
which gives us
3 sinh psin 0 2
NONTORE: 4.26
06 60 = 3%\ Ccosh p—sinhpcos6 /) ’ (4.26)
and
h@ _ §s c?s n  kcosnsinhp — C.OShpCOS 0\ . (4.27)
M-8 \sinn  coshp coshp —sinh pcosé

Similar to the previous computations, we have

1
6% /detgu, = 5/ detgung hii)
1 2
_ 5\/@ <g’7’7h,(ﬁ7) +g€9h§9)> , (4.28)
s H? =6 (5(2)9nanaﬁHna6 + 6(2)909H975H975)
N 2

and

52 (H pip H™UH o H™™) = 12 <2 <Hna/3Hm6> 2 (_97777 h%))

+2 (HypsHO?) i (- g‘”h%))) . (4.30)

Taking all these into account, we get
T5 K 2 . 1 1 1 0
6@ S5 = g/x/detglw {h,%)g"” <5 — EH" BHnag (5 + ﬁHQ — ZH” ﬁHnaB))
+(n, o, 8 — 0,7, 5)}dndadﬁd6d’yd5

cos? 17 4 sinh? psin? 6 r? cos? nsin asin? @ sin y

T
= —75 / dndadﬂdedydégs

)

(cosh p — sinh p cos #)? sin® ) cosh p

(4.31)
1—ad?
2[al
Now we begin to discuss the contributions from the fluctuation of the four-form flux.

Recall that §H3 = —6Cj, since 6C3 only have components in S%, so §H3 = 0. Then the
contributions only come from the Chern-Simions part of the action. Since 6(C3 A H3) =0,

where k = and the explicit value of H3 have been used.

the only contribution is from 0C.
The computations of dCg is put in the appendix, the result is

3 I 1
6Cs = —50625 v, (4.32)
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Therefore

0Scs = —z'T5/5Q6 = —iT} /Q6 (—%s) . (4.33)
Using this result and eq. ({.23), we get
M 1 : 3
0\ Sy — 6Scs = Tk 3 * I +1iCy —35 (4.34)

The 6-form gauge potential Cg is of the form

3 . h3 .9 . .
Cs _ ;cos” nsinh” psin HSIHQSIHVdp/\da/\dﬁ/\dQ/\dv/\d5

sin® 7

_cos? nsinh? psin® 0 sin asin

- dn Nda NdB Ndp Ndy N do
! sin® 7(cosh p — sinh p cos 6) i dandpndp i dy

i cos? 7)sinh® psin? @ sin o sin y(sinh p — cos 6 cosh p)
i

sin® 7)(cosh p — sinh p cos 6)
dn ANda ANdB N dO A dy A do. (4.35)

On the M5-brane worldvolume,

3 cos? nsin? @ sin arsin

Ce = (kcosh p — (1 + K?) cos fsinn)

"sin? 7 cosh p(cosh p — sinh p cos 6)
dn ANda NdB N dO A dy A dd (4.36)

After some calculations, we get

3 \ w2 cos?nsin? @ sin asiny cosh p + sinh pcos @
M S5 — 680 = T / =
Sus — 05¢s > 8 2sin® 7 cosh p cosh p — sinh p cos 6
dndad(dfd~ydo (4.37)

From this result and eq. ({.31)), we get

68 = 0W S5 + 6 Sys — 6Scs (4.38)
T / 3Sﬁ2 cos? nsin? @ sin a sin 7 sin? i — 2sinh? psin? @ — 2
— 5 —

dndadBdfd~ydd
8 2sin® 7 cosh p (cosh p — sinh p cos 6)? ndadfdody
Having obtained the variation of the action with respect to the fluctuation of the
background fields, we can compute the correlation function of the Wilson surface operator
in the symmetric representation with the chiral primary operators.
Now, we write s! as s/(Z,y) = [ d°T'Ga(Z'; %, y)sb(T),

(W(S,L)0a(0)) 1 45 __£/§CTA/<;1AsinhApcosnsiHQHSinasinfy
(W(S, L)) NTssh(@)  NTJ 8 2L2Asin® y(cosh p — sinh pcos §)A+2

x (sin?n — 2sinh? psin® 0 — 2)Y1(0)dpdadSdodryde. (4.39)

™ 2m ™ 2m
/ do sina/ g = / dry sin’y/ dé = 4r (4.40)
0 0 0 0

By using
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and
P h2
sing =k Lsinhp, cosn= w, (4.41)
K

we get

W (S, L)Oa(0)) c 03 A sinh ™'k e a A
WS LIOMOL e pamtd T [ L s i

T sin?6(—2+ sinh? p(k~2 — 2sin? 0)) _
a6 Y'(0). 4.42
/o (cosh p — sinh p cos )2+4 (9) (4.42)

So the OPE coefficient is

1\ _ (2k — DD(k + 1/2)
_ o3k/2+4 1 5/4 nr1/2
CS,A 2 <k+2>7'r N \/ F(k‘)

sinh~!k
/ \/ K2 — sinh? pr3~2 sinh® 3 pdp
0

/’T d98in2 6(—2 + sinh? p(k~2 — 2sin? 9))
0 (cosh p — sinh p cos )24

(4.43)

We can perform the integral over 6 and get:

CS.A = 23k/2+2 (kﬁ + %) 7T—1/4N1/2\/(2/€ — 1)F(k; + 1/2)

(k)

sinh ! g
/ dp\/ k2 — sinh? pr3~2 sinh® 3 p
0

[2(k™%sinh? p — 2) exp[—(2 + A)p] 2F1(3/2,2 4+ A, 3,1 — e )
—3sinh? pexp[—(2 + A)p] 2F1(5/2,2 + A, 5,1 — e )] (4.44)

It would be interesting to compare our results with the OPE coefficients of Wilson
surface operators in the fundamental representation computed using the membranes [29].
To do this, we should take the limit of kK — 0 because in this limit the S part of the
worldvolume shrink.

In this limit, we can do the integral by substitution: we define ¢ by using

p= (sinhf1 K)t, 0<t<1 (4.45)
then as k — 0,
simh™'k~k, p~kt, coshp~1, sinhp~kt, dp~ kdt, (4.46)

then

1 1 ™
csA = —577° 3r2eTyk? / ahftA*?’(t2 —2)V1—¢? / df sin® 0
0 0

N
373 A !
e [T,
0
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Using

=Y - : (4.48)
4 A+11(AH)
we get
e 3 2%k +4T(k—1)
— _o(Bk+3)/2 \1/21/4 k+2 L'(k) 2 (4.49)

k—1\/Tk—1/2)"

in the k — 0 limit. Now we express this result in terms of Q}5s, the magnetic charge of the
string soliton solution [BZ. For this solution, we have x? = Q,;/(87N), So

_ _anuk+2 I'(k)
— 0, 0Bk=3)/2_~3/4 ‘ 4.
cs.a = —Qu Tk 1\ NT(k—1/2) (4:50)
We can see that in this limit the OPE coefficients is proportional to QJ3;. Comparing

with the results eq. (B-41]) obtained from membrane, we find that the k-dependence of the
OPE coefficient is different although the N-dependence is the same.

5. OPE of the Wilson surface in the antisymmetric representation

In this section we compute the OPE of the Wilson surface in the antisymmetric represen-
tation. As mentioned in the introduction, in this case, the worldvolume of the M5-brane
still has topology AdSs x S3, where the S® part (we sometimes call it 33) is in S* instead
of AdS7. Some part of the calculations are similar to the previous section, while some new

issues will appear here.”

5.1 Review of the M5-brane solution

As in section 4, we first review the Mb5-brane solution corresponding to the spherical Wilson
surface operator in antisymmetric representation.
We begin from the Euclidean AdS; whose metric has form ({.1). We further consider
the transformation
y=rcosd, r;=rsind. (5.1)

The coordinates of the AdS3 part of the M5-brane worldvolume can be chosen as d, a, (5.
Then the AdSs part of the induced metric of the worldvolume is
1

ds?nd7 AdSs = m(d&2 + sin® 6(da® + sin® adf?)). (5.2)

"In this section, we set the vector ! mentioned in section 2 to be (1,0,0,0) by a SOg(5) rotation. Then
the corresponding angular coordination (; equals to zero.
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The coordinates of the S® part can be chose to be (2, (3,4 and we let ¢; to be fixed at a
constant . Then the induced metric of this part is

1 3 . . .
dSiQnd, $=7 sin? ¢° (dC22 + sin? (od(3 + sin? ¢y sin® ngCZ) (5.3)

The field strength Hs on the worldvolume is

1 sin’?dsina
Hs = 2a (1 dé Nda Nd
3 a<21+a2 cos? & andf

1 03 A0
— SlIl8C sin? Cosin (3dCa A d(3 A dC4> . (5.4)
The equations of motion require a and ¢° should satisfy
41 + sin ¢?
- : 5.5
cos (0 (5.5)

5.2 The computations of the OPE coefficients

After reviewing the M5-brane solution, we now compute the OPE coefficients of the Wil-
son surface operators using AdS7/CFTg correspondence. As the computation for Wilson
surfaces in the symmetric representation, we should compute the variation of the M5-brane
action with respect to the fluctuation of the background fields reviewed in section 2.

For the variation with respect to the first part of the fluctuation of the metric, we have:

\/detgmn— \/detgmn aﬁh +g‘“’h(,,) detgmn syl + 3 Ty !,
# 4
I

(5.6)
From

H? = 6(Hsop H*P + Hyz, H?Y), (5.7)

and
Hypnp HPUH g e H™™ = 12 - (Hsog HOP)? 4 (Hoza H?4)?), (5.8)

we get
3
W) g2 _ Iyl saB 2 I I 234

sWH ( > 'Y HsopH™ 4231/}12341{ ) (5.9)

and

3 3
0O (Hyp H™I Hop s H™™)=12- (2 2~ s"Y T+ (HsapHOP)? =2 2 " 5"V (Hygy H4)? |
8 & 4

I
(5.10)
So
5(1) in + L(HQ)Q _ iH H™IE . HTS™
12 288 96 ™" ars
3 Il 5 1 1.5 1 5
== Y Hso s H*P ( = + — H? — — Hys,g HOP
SZI:S bap <2+24 PR
§ IYIH H234 l iH2 lH H234 5.11
—425 234 2+24 — 1 . (5.11)
I
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From

K= \/1 + H2 + @(HQ) 96Hman”PqqusH”Sm, (5.12)
we have
2 1
6(1)(IC) - E5(1) (12 H? 4+ @(HQ) %Hman"quqrsH”m> . (5.13)

Using this, we get

3 K 2 1 1
5(1)(, /detgmnlc):1 /detgmn |—= E :Slyl ___H5a5H5aﬁ 4y H2__H5aﬁ[—[5a5
8 T 2 K 2 24 4
3 (K2 234 (1 234
_E( Y =—=Ho H H?— H w:i
] o (2 [ 2+24 g

3 ror [ 1+ad? 3 ror [ 1—a?
:,/detgmn<—§ZI:SY <—1_a2>+ZZI:sY i

3 I~AT -1 + 6@2 — (14
Now y = r cos d, so
3 [0y 2 3 sin® &

D 2,99} ~ > - 5.15

5~ 3%\ 9o y2 87 cos2d (5.15)

Similar to the computations for the Wilson surface operators in symmetric representation,
we have

K 2 1 1 1
2) <\/ detgmnlc> = detgmng&sh(g) (5 - EHSQBH&IB <§ + ﬂHz - ZH(SOJQH&QIB))

3 . a?+1
= \/detgmngs sin? 5a2 — (5.16)

So from eqs. (p.14) and (p.1(), we get the contribution from the fluctuation of the
metric:

_ 2
dg <\/detgmnIC> v/ detgmn = Z sy’ <L“a4a + sin? 522 + i) . (5.17)

Now we turn to the contribution from the background flux. Unlike the symmetric case,
the pullback of §C5 on the worldvolume is nonzero, then we will get a contribution from
0H. In fact, from

5Cg5_,y = Z 16]{6"6758 V6YI (5.18)
we get
3
0Cos = — 1t sin® ¢y sin® Gasin 3 > 570, Y7, (5.19)

1
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then

3
0C o3y = —ﬁsm Cosm CQ&IHCgZSIaCoYI.
I

From

5Hs = —0C,,

we get

3
0Ho3y = w—ksm 3¢%sin? ¢ sngZsIacoYI.
I

Recall that

Hyay = ﬁ sin® ¢% sin? ¢, sin (s,
we have® ( 2)
31—a I 7
(5H234 = WHQ?AZS 8COY .

1

From this we can easily get

0H
5HH2 = 6g22933944H234 . 25H234 = 12H234H234—H 2347

234
and o
O (HpnpH™ 1 Hyp s H™) = 12 - 4(H234H234)2ﬂ
Hoszy
Then
5H LHQ + L(H2)2 . LH— HWaE ST
12 288 96 M qrs
3a ; ;
~ k- +a2 2 Z 5 0¥

Putting all these together, we have,

2
(v detgmnK) = v/detgmndn (%) % = —\/detgmnkgial) ZslagoYI.
I

(@

Finally let us compute the variation of the Chern-Simions term. Recall that

1
Z6 = Qa - §Q3 A HB-
In this case, 0C4 = 0, so

1
0Zg = —§5Q3 N Hj

3ia sin® (¥ sin? (5 sin (3 sin asin? & I I
= —— OrY
16k cos3 (1 + a?) Z oo

ds Ada AdB A déy AdCs A dCa.

1

8Here Hasa denotes Heycqc, -
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(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)



The total action of Mb-brane is
1
S = Sys — Scs = Tk /(*51(: + iZ@),

SO we get

(5.31)

58 = T / ( (%59 (\/detgmnlC> + %\/detgmnéH(IC)> 45 Ada A dB A dCs A dCs A dCy

_526>

375 / sin® (¥sin? ¢y sin (g sinasin? 6 [ —1 4 6a? — a*
8 16 cos3 & 1—a*
x Y sV dédadBdCadCsdds.
I
315 / sin® (¥ sin? ¢y sin (3 sinasin? 6 [ —1 + 6a? — a*
8 16 cos3 § 1—at

x Y~ s"Y*dsdadBdladCsds.
k

Here we have performed the integration over the 3-sphere:”

/sin2 (o sin (3 Z sTY 1 dCodCsdey = Z sPYRO(¢0).
I k

As before, using
A

GA (T2, y) :cgﬂ, Yy = rcoso,
and
T 2m
/ sinada/ df = 4m,
0 0
we get

+sin? 4

+sin? 6

a®+1

a? — 1)

a®+1

a? — 1>
(5.32)
(5.33)
(5.34)
(5.35)

A w/2
(W(SaL)OA(O» ~ _37TT5 ¢ Z;ﬁ/ sin® Cosin25COSA735
A 0

(W(S,L)) 32 NT
<a4 —6a%+1

2
— —|—sin25a—+1>Yk’0(C0). (5.36)

at — a? —1

Now we perform the integration over ¢:

T A
/ " sin? § cos® 3 §ds = \/—Er(i —1)
0 4 T8
T A
/ " sin? 6 cos® 3 6ds = \/—E 3 I3 -1)
0 4 A+1 (A7

(5.37)

(5.38)

9Here Y is the abbreviation of Y *:%:%9 For discussions on spherical harmonics, see, for example, [@]
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and have
(W(S,L)OA(0) 3825 ¢ 0 cos 2¢Y
(W(s.L) 1 /\Tgmsm S sin (0 (5.39)

1 3 k,0/ -0 I'k-1)
+sin§°2k—|—1>y (C)F(k+1/2)’

after putting the explicit value of a.
The harmonic function can be written as

YEOCO) = MG (@), (5.40)
where z = cos (°, C,g?’/ 2) () are Gegenbauer polynomials and
1/2
N = T 2kl(2k + 3) (5.41)
P T+ D(k+2)T(k+5/2) | '
is obtained from the normalization of Y0,
Therefore
(W(S,L)Oa(0)) 3773/2T5 ¢ kO 0 0
W (S.1)) ~ 285 NT Z LTY )sin? ¢ —cos2¢ (5.42)
3 Ny (3/2) 0 I'k—-1)
o 1) vRo Ok ) T 1)
From
(3/2)
YE0(0) = NuC7 (1), (5.43)
we have
(W(S,L)OA(0)) 3773/2T5 c k0 1 2 0
(W (S, L)) 128 NT Z oY Cés/z) ) St

So the OPE coefficients is

9(3k—5)/2 \r1/2 0123/2) (cos ¢0)

sin? CO
7-‘-7/4 0123/2)(1)

cAA ~ £

(5.45)

x<_0082<0+ 3 >k+1/2 T'(k)

2% +1) k—1 \|T(k—1/2)

To compare with the membrane results, we take the (° — 0 limit in which the S3 will
shrink. In this limit z — 1 and the OPE cooeficient is equal to

9(3k—5)/2 p\y1/2 CO ) P(k)

77/ L(k—1/2) (5.46)

:F
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The magnetic charge of string soliton solution is

1 sin? €9 cos ¢°
- - H=——"—2>_"> 5.47
M = ol F) /s 813 (547
in the small ¢° limit, we have
012
Qm = )7 —mN ()2 (5.48)
8lg
Then the OPE coefficients can be written as
9(3k—5)/2 T(k
(k) (5.49)

TV NT(k—1/2)°

We can see that in this limit the OPE coefficients is proportional to Qs and the k-
dependence and N-dependence of the coeflicients in this limit is the same as the one in

eq. (R-41]) computed using M2-brane.

6. Conclusion and discussions

In this paper we studied the OPE of spherical half-BPS Wilson surface operators using
their M5-brane description. We computed the OPE coefficients by studying the coupling
to the Mb5-branes of the supergravity modes. In this process, we first make clear that the
variation of the embedding and the 2-form gauge potential can be set to zero. Then we
calculated the response of the non-chiral action of M5-brane to the bulk supergravity fields.
Moreover, we had to investigate carefully the response of the Chern-Simons term in the
Mb5-brane action to the bulk gauge potential. In the symmetric case, the three form field
strength has no fluctuation and only the fluctuation of the dual 6-form gauge potential
gives the contribution. On the contrary, in the antisymmetric case, § H3 is non-zero while
0Cs = 0.

We also consider the membrane limit of our results. In this limit the S part of
the Mb5-brane worldvolume shrink. We find that the OPE coefficients is proportional to
Q@ which characterizes the rank of the representation. This is reminiscent of the results
for the expectation values of these Wilson surfaces in [BJ]. There it is found that the
expectation values is proportional to Qs even before we take the membrane limit. We
compare our result in this membrane limit with the results obtained from the membrane
method [R9]. We find that the N dependence are the same. We also find that for the
Wilson surface in symmetric representation, the dependence on the dimension of the local
operator is different, while in the antisymmetric case, the dependence is the same. This
may be related to the nontrivial dynamics of the branes in M-theory. We hope we can
come back to this point in the future.

Another subtle issue is the choice of the M5-brane action. Among the different pro-
posals for the M5-brane action, we chose the non-chiral action since there are no auxiliary
fields in this action. Although different choice of action gives equivalent equations of mo-
tion [B7, []], this does not guarantee that these actions give the same quantum dynamics.
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It will be interesting to compute the OPE coefficients using other actions of the M5-brane,
such as the PST action and compare the results obtained from different action. In [B2],
the issue on choosing action also appear and make the discussions for the boundary terms
quite subtle.

At this stage, quite little is known in the field theory side. Some field theory studies
could be found in [[f7]: the conformal anomaly of abelian Wilson surface operator was cal-
culated in A; field theory. It is very hard to consider the nonabelin Wilson surface in field
theory. It would be interesting to study the OPE of Wilson surface operators from field the-
ory calculation and compare the results with the ones obtained from M2-brane or M5-brane.

If we compactify the six-dimension (0, 2) SCFT on T? with supersymemtric boundary
conditions, we will obtain N/ = 4 supersymmetric Yang-Mills theory. If the Wilson sur-
face winds various 1-cycles of the T2, it will give Wilson loop, 't Hooft loop or Wilson-'t
Hooft loop [, [ig]. It is interesting to see if one can study this relation in the framework
AdS/CFT correspondence. The relation between Wilson surface in six-dimensional SCEFT
and the surface operator in four-dimensional SYM is also a quite interesting subject [5(]—
5.

Another interesting subject about the Wilson surfaces in higher dimensional represen-
tation is to compute the correlation function of two Wilson surfaces, one in the fundamental

representation and the other one in higher dimensional representation [54.
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A. The variation of Cgz due to the SUGRA modes

In this appendix we compute 6Cg due to the supergravity modes s. Notice that for the
purpose of this paper, we can use the approximation eq. (R.30) freely here.

From 3
(chﬁ_fy = Z ﬁE@éSlvéyl, (Al)
J;
we get
3 svle
0Huapy = 1oz D eape VYTV, (A.2)
I
and 3
0Hopys = ST Z €apyaVeVY s, (A.3)
J;
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We notice that

V. VYT = —4k(k +3)Y7, (A.4)
SO we get
3(k+3
5Hg&§ = 7( 1 ) Zeg&éylsl7 (A.5)
I
considering
Hg@é = 66g&§, (A.6)
k+3
0Hgpys = ( < ) > HapysV's'. (A7)
I
Since H7 is the Hodge dual of Hy:
g n, ..
(H7)m1---m7 = %621 n4ml"'M7Hﬂ1“'ﬂ4? (A8)
we get
9, ayoposp
(5H7)ﬁ1"'ﬁ6g - %46 o 321"'H6@ 5H91@2@3H
3
= g i, ) Va¥ ' VES
I
3
Yy, Z sTV YT, (A.9)
I
and
VI o a 0G apa
(OH7)p, o, = Zeal azl"'ﬁﬁngl---&; + Teal a4ﬁl'“ﬁ7Hgl---g4
g
+<\i—!—5gglﬁlgg2629g3639g464551~~~B4u1---u75H21---g4
+ three other terms from §¢%%, i = 2,3, 4> . (A.10)
By using
1 1 )
0VG = 559" 0gmn = 5\/3(9°%09as + ¢*Og,0)
1
= V95, (A.11)
and 1
092 = —2¢°%s, (A.12)
we get
k—3
(OH)p, o, = —5— (H) oo, > sy (A.13)
I
From eq. (R.4) and 6(C3 A Hy) = 0, we get d6Cs = 6Hy. We can choose
3
§Cs = _gc6 Z syl (A.14)
I

which lead to the above dH7.
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